It is shown, for any irreducible representation of E 8 Lie algebra, that eigenvalues of Casimir operators can be calculated in the form of invariant polinomials which are decomposed in terms of A 8 basis functions. The general method is applied for degrees 8,12 and 14 for which 2,8 and 19 invariant polinomials are obtained respectively. For each particular degree, these invariant polinomials can be taken to be E 8 basis functions in the sense that any Casimir operator of E 8 has always eigenvalues which can be expressed as linear superpositions of them. This can be investigated by showing that each one of these E 8 basis functions gives us a linear equation to calculate weight multiplicities. 
I. INTRODUCTION
The cohomology for Lie algebras states non-linear relationships between elements of the center of their universal enveloping algebras [1] . The non-linearity comes from the fact that these relationships are between the elements of different orders and the non-linearly independent ones are determined by their Betti numbers [2] . A problem here is to determine the number of linearly independent elements of the same order. In previous works [3] , we studied this problem for A N Lie algebras and give a method to obtain, in any order and for any irreducible representation, the eigenvalues of Casimir operators. This will be extended here to E 8 Lie algebra.
E 8 is the biggest one of the finite dimensional Lie algebras and plays a striking role in high energy physics as well as in mathematics. It provides a natural laboratory to study the structure of E 10 hyperbolic Lie algebra [4] which is seen to play a key role in understanding the structure of infinite dimensional Lie algebras beyond affine Kac-Moody Lie algebras. There are so much works to show the fact that its significance in string theories and in the duality properties of supersymmetric gauge theories is now well-established. An explicit calculation of the eigenvalues of E 8 Casimir operators is therefore worthwhile to study.
It is known that, beyond degree 2, E 8 Betti numbers give us non-linearly independent Casimir elements for degrees 8,12,14,18,20,24,30. The method given here can be applied equally well for all these degrees. Our results will, however, be presented only for degrees 8,12 and 14. To this end, we obtain respectively 2, 8 and 19 different invariant polinomials which say us that there are 2, 8 and 19 numbers of linearly independent Casimir elements of orders 8, 12 and 14. A remark here is that these polinomials are expressed by decomposing them in terms of some A 8 basis functions. The very meaning of this is as in the following: such a decomposition is valid for any irreducible E 8 representation but its coefficients does not yield a dependence on the representations. This non-trivial property specifies, in fact, our definition of A 8 basis functions.
A technical aside of our work is to find a way of classifying the weights participating within a Weyl orbit. This will be given here in a manner which is convenient for our purposes though there are some efforts [5] in the litterature concerning this point. In terms of A 8 subalgebra, weight classifications of E 8 Weyl orbits are to be carried out by permutations just as in A N Lie algebras. This will be given in section (II) in the form of a second permutational lemma. In section (III), the procedure which we previously develop [3] for A N Lie algebras, will be applied here to obtain the so-called Weyl orbit characters of E 8 Lie algebra. In section (IV), we show that E 8 basis functions can be decomposed in terms of some properly chosen A 8 basis functions. Some conclusions are given in the last section. The detailed expressions are to be given in the 4 appendices.
II. WEIGHT CLASSIFICATION OF E 8 WEYL ORBITS
We refer the excellent book of Humphreys [6] for technical aspects of this section. A brief summary of our framework will also be given here though a comprehensive account of subject is given in our previous work [3] . It is known that the weights of an irreducible representation R(Λ + ) can be decomposed in the form of
where Λ + is the principal dominant weight of the representation, λ + 's are their sub-dominant weights and m(λ + < Λ + )'s are multiplicities of weights λ + within the representation R(Λ + ). Once a convenient definition of eigenvalues is assigned to Π(λ + ), it is clear that this also means for the whole R(Λ + ) via (II.1). In the conventional formulation, it is natural to define Casimir eigenvalues for irreducible representations which are known to have matrix representations. A known exception is the second order Casimir invariant which are defined directly by its own eigenvalues. It is introduced by Kac [7] to expose the structure theory of representations of Kac-Moody Lie algebras. In favor of the existence of a permutational lemma, the extension of eigenvalue concept can be made for A N Weyl orbits. This however could not be so clear for Lie algebras other than A N Lie algebras. To this end, we will now give a second permutational lemma. To be more concrete, we proceed in terms of A 8 decomposition of E 8 Weyl orbits. Our framework is to obtain a covering Π(λ
where Σ(λ + ) is the set of all A 8 dominant weights participating within the same E 8 Weyl orbit Π(λ + ). If one is able to determine the set Σ(λ + ) completely, the weights of each particular A 8 Weyl orbit Π(σ) and hence the whole Π(λ + ) are known. We thus extend the eigenvalue concept to E 8 Weyl orbits just as in the case of A N Lie algebras.
It is known, on the other hand, that the elements of Σ(λ + ) have the same square length with E 8 dominant λ + . It is unfortunate that this sole condition remains unsufficient to obtain the whole structure of the set Σ(λ + ). This exposes more severe problems especially for Lie algebras having Dynkin diagrams with higher degree of diagram automorphisms, for instance Kac-Moody algebras. To solve this non-trivial part of the problem, we introduce 9 fundamental weights µ I of A 8 , via scalar products
The existence of κ(., .) is known to be guaranteed by A 8 Cartan matrix. The fundamental dominant weights of A 8 are now expressed by
and the correspondence between E 8 and A 8 Lie algebras is provided by
where λ i 's are the fundamental dominant weights of E 8 for which any dominant weight has thus the form
here is the set of positive integers including zero. As will be seen in the following lemma, the primary knowledge we need here is only the explicit tabulation of elements of the fundamental sets
for which we have the decomposition
of 240 roots of E 8 Lie algebra. Due to permutational lemma in ref (3), A 8 Weyl orbits here are known to have the weight structures
where all indices are permutated over the set (1,2, .. 9) providing no two of them are equal. Note here by (II.4) that
The formal similarity between (II.8) and (II.9) is a resume of the first permutational lemma.
Let us now extend it to E 8 Lie algebra: For any dominant weight having the form (II.6), the set Σ(Λ + ) of A 8 dominant weights is specified by
together with the equality of square lengths. In addition to Σ(λ 1 ) given above, the other 7 fundamental sets Σ(λ i ) have respectively 7,15,27,35,17,5 and 11 elements for i=2,3, .. 8 as they will be given in appendix (1) . It is therefore clear that the weight decomposition of any E 8 Weyl orbit is now completely known in terms of A 8 Weyl orbits in the presence of both of our lemmas.
III.CALCULATION OF E 8 ORBIT CHARACTERS
It is now crucial for practical use to express an A 8 dominant weight σ + in the form
To prevent repetitions, we only give here the main definitions and formulas which can be obtained from those in ref (3) for A 8 . It is then known for a Weyl orbit Π(σ + ) that eigenvalues of a Casimir operator of degree M are to be defined by the aid of the formal definition
where the right hand side of (III.2) is to be determined by its decomposition in terms of some generators given in appendix (2) . These generators can be reduced in terms of the following ones which are of main interest for our purposes:
We remark here by definition that µ(1) ≡ 0 and hence
It can be readily seen that (III.4) are to be fulfilled automatically for M=2,3, .. 9 but gives rise to the fact that all the generators µ(M ) for M ≥ 10 are non-linearly depend on the ones for M=2,3, .. 9. These non-linearities are clearly the reminiscents of A 8 cohomology. We call them A 8 Dualities because (III.4) allows the existence of a Levi-Civita tensor in 9 dimensions. The first example is µ(10) ≡ 1 8! (25200 µ(2) µ(8) + 19200 µ(3) µ(7) + 16800 µ(4) µ(6)
It is seen that µ(10) consists of p(10)=11 monomials coming from the partitions of 10 into the set (2, 3, 4, 5, 6, 7, 8, 9 ) and the other ones can be calculated as in the following: Within the scope of this work, we also need the generators µ(11) , µ(12) , µ(14). They are given in appendix(3).
IV.DECOMPOSITIONS OF INVARIANT POLINOMIALS IN THE A 8 BASIS
Let us begin with the example of degree 8 for which (III.2) has the decomposition
where 7 generators T (α) come from the 7 monomials mentioned above. The invariant polinomials P α (Λ + ) which give us Casimir eigenvalues stem from the coefficients cof α (Λ + ) via definitions
where dimR(Λ + ) is the dimension of the representation R(Λ + ). An important notice here is the fact that we do not need here the Weyl dimension formula. This will be provided by orbital decomposition (II.1) providing the sets Σ(λ + ) are known for each particular subdominant λ + of Λ + . Let us recall from ref(3) that we can calculate by permutations the dimensions of A 8 Weyl orbits. The fundamental representation R(λ 1 ) of E 8 is taken in (IV.2) to be a reference representation, i.e all our expressions for Casimir eigenvalues are to be given by normalizing with respect to fundamental representation. Explicit calculations now show that we can find only 2 different polinomials among 7 invariant polinomials P α (Λ + ):
from the monomial µ(2) 4 and
which is common for all other monomials. The functions Θ (M, Λ + ) are A 8 basis functions which are defined by 
The parameters r i here are the ones introduced in (II.6) for a dominant weight Λ + . We notice here that A 8 dualities are valid also for the basis functions Θ (M, Λ + ) because Θ (1, Λ + ) ≡ 0. This highly facilitates the work by allowing us to decompose all invariant polinomials P α (Λ + ) in terms of Θ (M, Λ + )'s but only for M=2,3,..9.
E 8 cohomology manifests itself by the fact that for the degree 8 we have 2 polinomials K 1 and K 2 as E 8 Basis functions in spite of the fact that there could be a priori 7 polinomials related with A 8 cohomology. For any 8th order Casimir operator of E 8 , the eigenvalues can always be expressed as linear superpositions of these E 8 basis functions.
We will summarize our results for degrees 12 and 14 in appendix(4). As is mentioned above, A 8 a priori give 19 and 29 polinomials for degrees 12 and 14 respectively. It is however seen that the cohomology of E 8 dictates only 8 and 19 invariant polinomials for these degrees.
V.WEIGHT MULTIPLICITY FORMULAS FOR E 8
Careful reader could now raise the question that is there a way for a direct comparison of our results in presenting the E 8 basis functions
A simple and might be possible way for such an investigation is due to weight multiplicity formulas which can be obtained from these polinomials. The method has been presented in another work [7] for A N Lie algebras and it can be applied here just as in the same manner. This shows the correctness in our conclusion that any Casimir operator for E 8 can be expressed as linear superpositions of E 8 basis functions which are given in this work. An explicit comparison has been given in our previous works but only for 4th and 5th order Casimir operators of A N Lie algebras and beyond these this could be useless in practice.
On the other hand, one could give our present results beyond order 14, namely for 18,20,24 and 30. This however could be a task for further investigations. As the final remark, one can see that the method presented in this paper are to be extended in the same manner to cases E 7 and G 2 in terms of their sub-groups A 7 and A 2 .
APPENDIX.1
The Weyl orbits of E 8 fundamental dominant weights λ i (i=1,2, .. 8) are the unions of those of the following A 8 dominant weights:
As an example of (II.10), let us calculate Σ(λ 1 +λ 7 ) which contains 15 elements in the form Σ(λ 1 )+Σ(λ 7 ). Due to equality of square lengths with that of λ 1 + λ 7 only the following ones are valid:
APPENDIX.2
Let us first borrow, for a dominant weight σ + of A 8 , the following quantities from ref (3): 1, 1, 1, 1, 1) µ(3, 1, 1, 1, 1, 1 ) + 29030400 Q (2, 1, 1, 1, 1, 1, 1) µ(2, 1, 1, 1, 1, 1, 1 ) + 1625702400 Q (1, 1, 1, 1, 1, 1, 1, 1) µ(1, 1, 1, 1, 1, 1, 1, 1) 6 Q(6, 2, 1, 1, 1, 1, 1, 1) µ(6, 2, 1, 1, 1, 1, 1, 1) + 12 Q(7, 1, 1, 1, 1, 1, 1, 1) µ(7, 1, 1, 1, 1, 1, 1, 1))
In all these expressions, the so-called Q-generators are to be reduced to the ones defined by (III.3) for which the parameters q i are determined via (III.1) for a σ + which we prefer to suppress from Q-generators. The reduction rules can be deduced from definitions given also in ref (3) . The left-hand side of (III.2) can thus be calculated from
with which we obtain E 8 Weyl orbit characters. As is given in ref (3) , the number of elements which are contained within any A 8 Weyl orbit Π(σ + ) is dimΠ(σ + ) and it is known explicitly due to permutational lemma for any σ + .
APPENDIX.3
In addition to the one given in (III.5), A 8 dualities give rise to the following non-linear dependences for µ-generators − 71280 µ(2) 2 µ(7) + 142560 µ(4) µ (7) + 166320 µ(3) µ(8) + 221760 µ(2) µ(9) )
